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\ fractional integral operator corresponding to negative powers of a certain

second order differential operator *)
Yy

..G. Sprinkhuizen-Kuijper

\BSTRACT

A class of integral operators is defined which contains negative
fractional powers of both d2/dx2 P24 and L d . These operators are
x dx x dx
intimately connected with an integral formula for hypergeometric functions
lue to Erdélyi. A result of Wimp on hypergeometric integral equations is

1lso contained in the theory of these fractional integral operators.

(EY WORDS & PHRASES: fractional calculus; hypergeometric integral transfroms.

¥) This paper is not for review; it is meant for publication elsewhere.







| . INTRODUCTION AND PRELIMINARIES

In this paper a class of integral operators is studied which contains

1egative fractional powers of the second order operator

2
D =_d__2_+
v dx

X<

4

dx °

lhe fractional integrals of the Riemann-Liouville type corresponding to
(d/dx) are well-known and they are widely used in applied mathematics and
in the theory of special functions. The theory of the Riemann-Liouville
integral can be found in "The Fractional Calculus' by OLDHAM & SPANIER [91],
in the proceedings of the conference in New Haven (1974), edited by ROSS
“11], and in the references given in these works.

The operator Dv is also important, and for applications it seems natural
to introduce a fractional calculus for this operator, similar to that for
the Riemann-Liouville integral. The operator IS’A introduced in this paper
contains negative powers of both Dv and x_1 d/dx. The attractiveness of com-—
bining the operators Dv and x_1 d/dx arises from their simple commutation
relation (cf. (1.10)).

Let us give a summary of the contents. At the end of this section a
number of results on hypergeometric functions is given. In section 2 we
solve some I.V.P.'s (initial value problems) in the operators xul d/dx and
Dv’ In order to solve these problems, we consider for v ¢ IN the operators
D, as the '"radial" part of the wave operator in D@r+l. The fractionaliza-
tion of the wave operator is given by the Riesz distributions Z“ (for refer-
ences, see section 2). By the integration of Zu over the inessential vari-
ables, an integral operator is found which has the desired properties (now
it is no longer necessary to restrict v to IN and one can take v € €). Once
the integral operator is found, we will give "classical" proofs for the
theorems in section 2. The solutions of the I.V.P.'s in section 2 serve as
a basis for the introduction of the fractional integral operator Iﬁ’k. This
operator is defined in section 3, where we also study the composition rule

A. A further analysis of the operators Is’x

and some other properties of It’
and their connection with the Erdélyi-Kober operators are given in section

6, but first we discuss some applications in sections 4 and 5. In section 4




i's integral formula (1.11) is interpreted as a fractional integral.
tion 5 it is shown how IS’A and its inverse lead to a pair of integral
ons, which, after some transformations, yield one of the results of
161].

'inally sections 7 and 8 deal with distributions. Section 7 summarizes
properties of the distributions and test functions needed in section
section 8 it is shown how the operator Is’x can be extended to an

or acting on a certain class of distributions. To define the action

A we will use a certain procedure which Erdélyi [3] called the '"method

oints".

'hroughout this paper we will refer to the following results on hyper-
ric functions, which are defined by
= @@y

PFq(al,az,...,ap;bl,...,bq;x) o= kZO ® (bq)kk! X

1)k...

x| <1, ¢ # 0,-1,-2,...,p=<q+l
DﬁLYI et al. [5, Chapter II]. Two special cases of (l.1) are

—a

2Fl(O,b;c;x) =1,

| be readily verified by termwise differentiation of (1.1) that the

ring differentiation formulas hold.

2.c-1
2 T(c)

2.c-2
= Sl__E_l___ 2Fl(a,b;c—l;l—xz),




a® | 2(atb-c)+l a4, (-x5H!

2
( F_(a,bjcil-x ) -

/]
dx2 X dx ZCP(C) 271
2,¢c-3
= i%iéi—l——— 2Fl(a—l,b—l;c—Z;l—xz)
2 I'(c-2)

la (1.4) is similar to [5, 2.8 (22)]. Formula (1.5) is

7inder. It is closely connected with the identity

(d2 . 2c-1 4 (1__X2)a+b—c+2 P (as
ax2 ¥ 9 patbmetln o T (b+2-c) 2!

(1__X2)a+b-c .
Za+b_CF(a—c+1)F(b—c+1) 21

2
(a,b;c;x )

is proved and applied in KOORNWINDER [7]; By substitu

I'(c)T(c-a=b)
I'(c-a)T(c-b) 2

2Fl(a,b;c;xz) = F](a,b;a+b+1~c;l—

I'(c)T (at+b-c) __2\c-a-b
OO

2Fl(c—a,c—b;c+l—a—b;1
5, 2.9 (33)]), we see that this formula splits into (

dz + 2(atb-c)+1
2 X
dx

d 2.
( &') zFl(ayb:Csl—X ) =

_ 4ab(a-c) (b-c)
- c(e+l)

2F1(a+1,b+1;c+2;1-x2).

tion of (1.4) and (1.5) yields:

I d.£,d>  2(atb=c)+1 d.k (1 -x2°!
GNE'EE) ( 2 * X -EE) c 2F1(a
dx 2°T(e)

2. c—£-2k-1
= élﬁfzi 2Fl(a-k,b_k;c—ﬂ—Zk;l—xz).
2 I'(c—£-2k)

portant role is played by the commutation relation of

.9):




2 2
1 d,, d v d, _ ,d vi2 d. .1 d.
1.10) @RI xR T 3+ X dx)( x dx’°
dx dx
RDELYI [4] derived the following important formula by means of fractional

ifferentiation by parts:

1
I'(e) [ ws-l(l_w)c—s-l(l_wz)r—a—b .

Fi(a:biesz) = 577

0
1.11)

(1-w)z

l1-wz )dw,

2Fl(r—a,r-b;s;wz)2F1(a+b—r,r—s;c—s;

Re ¢ > IRe s > 0.
. SOME INITIAL VALUE PROBLEMS

The formulas obtained in this section form the basis for the definition
f the fractional integral operator to be discussed later, but they are also
f interest by themselves. The first initial value problem (lemma 2.1) is
ssentially contained in the theory of the Riemann-Liouville integral. The
econd one (theorem 2.2), however, seems to be new, élthough the elements
or its solution are available in literature (see also section 6).

We will start with the following I.V.P., which is simply solved by

. 2 . . . . . .
sing X as a new variable in the Riemann-Liouville integral.

EMMA 2.1. Let g € C((0,1]), then the unique solution of

~

a -é%)zf(x) = g(x), 0<xc<l,

1
X
2.1) <eW gy 2o, i=0,1,...,0-1,

£ e Lo,

—

s given by




Lo 22 ke
£(x) TT?j'J y& 5 ) g(y)dy.
X

M 2.2. Let g € C((0,1]), then the unique solution of

r .2
d v d.k
5 *x3 £® =), 0<x<1,vecC,
dx
ey = o, i=0,1,...,2k1,

f e CZk((O,IJ),

| yz_xz 2k-1 1 <2
J ( oy ) 2F1(k + —E—sk;Zk;l - —g)g(y)dy-

y

We will use the adhoc notation
1
[ 1 e
X

1e right hand side of (2.4). For k > 1 we have

1

2

d v d

C;;E +-;~5;) [ Mk(x,y)g(y)dy
X

d2 v d
C;;E + ;’Eg)Mk(X,Y)g(Y)dY =

W

1
J Mk_l(x,y)g(y)dy-
X

.rst step 1is correct because Mk(x,x) = 0. The second step is an applica-

»f (1.5). Iteration yields

1
2 2 2 2
d v d. k-1 - y -X v+l o0 X
Cria W J Gy aF O 231 = 2 eay,

X

lng the operator again and using (1.4) and (1.2), we get




d v d.k _
(—2“';'&—}2) f(x) =
dx
2 boa 2

d v d -X v+1 X
= (_5+§E§) J (yzy )2F1( 5 ,1;2;1-—2-)g(y)dy =

dx y

X
1 2 2 2
=4 Ly | ey x5 VL X -
-y [ -5 kmay
X y
L 2
=4 Ly | X VL X -
X y
1
d v, [ YV
= (K +'§) , (;) g(y)dy =
X
l .

= (Y)Y N P SR UNP 2ARY

% | - [ (e DD 0

y=x o

= g(x).

Thus (2.4) is a solution of (2.3). The initial conditions are fulfilled
because of the factor (xz—yz)Zk—1 in the integrand. The uniqueness of tt

solution results from the standard theory for I.V.P.'s. g

In the proof of theorem 2.2 it was checked that the solution (2.4)
indeed satisfies (2.3). Let us now indicate how (2.4) was obtained. For

v=1,2,... the operator dz/dx2 + vx~1 d/dx is that part of the wave ope

. + . .
tor in R’ ! which depends only on the Lorentz distance x = (xé-—x?-—...
.--xv)l/2 in.IRv+1. To the function g on R we let correspond the fur

tion § in the backward light cone defined by

E(XO,...,xv) = gﬁ/;g-xf-...-xf) = g(x)

The I.V.P. (2.3) corresponds in IR\)+1 to the problem

2 2 2 k
3 3 97 N~ ke
(2'5) (——2 —2' a0 —""2—) f(XO,XI,...,X\)) = D f(XO,Xl,...,X\))
BXO Bx] 3Xv

g(xo,xl,...,xv),




for the iterated wave operator, with initial condition
in the direction of the Lorentz ﬁormal on the sheet X
xé-—x?-—...-—xi = 1. We are interested in the solutio
side of this sheet (i.e. forwards in time). So let us’
distributions in the backward light cone with supports
to the left by the left hand sheet of the hyperbola XS
Then (2.5) holds in distributional sense in the backwa
unique solution f of (2.3) is given in terms of the Ri

as

~

(2.6) f = ZZk*g,

where the asterisk denotes the convolution product in
which can be interpreted in the classical way, if Z2k
distributions (locally integrable functions) and if th

defining the convolution product converges absolutely.

v--1
2 u-l_ u . u-vil, -1
o= [ _—
(2.7) Zu(XO""’Xv) = [ 2 T(Z)F( 5 )]
@—xz—...*xz if x Zu/x2+...
p={ 0 1 BN 0 1
0 elsewhere,
for IRe p > v-1, and by
. _ k
<ZU’¢> - <ZU+2k’D ¢>

for IRe p > v-2k-1 (k ¢ W), where ¢ is a c”-function

support. The Riesz distributions have the following pr

N
]

O

o8

rivatives

hyperbola

ht hand

nd E as

on bounded

2 1.

v
e. The
ition Z

2k

1al sense,
.gular
integral

. given by

:h compact




'hey have their supports in the forward light cone. This distribution Zu is

n entire function of p in a weak sense, i.e., (Zu,¢) is an entire function
f u for each C -function ¢ with compact support. It is a regular distribu-—

ion for IRe u > v-1. A good introduction to distribution theory and to the

olution of (2.5) in terms of Riesz distributions is given by DE JAGER [6].

e restricts himself, however, to I.V.P.'s for (2.5) with initial conditions
n the plane Xy = 0. For the more general case with initial conditions on

ome space oriented hyperplane we refer to RIESZ [10].

2 2
y1'+... +yv ‘T

Figure 1

In the following we will replace 2k in (2.6) by u, which may be arbi-
rary complex. The restriction of the function f to the interior of the
ackward light cone is a sufficient (and, in the case of Lorentz invariance,
ecessary) condition for the existence of the convolution in (2.6), because
n this case the intersection of the supports of E(yo,yl,...,yv) and
u(xo—yo,;..,xv-y\)) is bounded. In the backward light cone the generalized
olution f as given in (2.6) can be written as a classical integral if

Re pu > v-1. See figure | for the region S of integration, which contributes

o the convolution integral (2.6). If g is invariant under Lorentz




~

c:ransformations, then f is invariant as well. Hence, a solut

results in a solution f of the original problem (2.3):

f(x) = f(XO""’Xv)’ X = /éo X = eee "X,
sonsider

f(xO,,.. X, J g(yo,...,y )Z (X Yoo X7V, )
S

v+ 2 2
vhere S = {(yo,..,,y ) e R lyo-y] cee Ty S 1, (x —yo)
- (x A ) 20, yj <% < 0} (see figure 1). Instead of f
b(yo,...,yv) we will shortly write f£(x) and g(y). By S is de
region in ﬂfﬂd as defined above and the corresponding regio
>f variables. Because of the Lorentz symmetry we can take (x
(-x,0,...,0), 0 < x £ 1. Let us make the transformation of v
-y cosh t, vy, = sinh t Wseresy =Y sinh t W with w

>n the unit sphere in R". This yields

-1

2 oH~

]’

£(x) = Ird Hrd= “”) -1

u—v-1

.J g(y){(y cosh t - x)2 - y2 sinh t} yv(sin

S

! YZ‘XZ u=1 p+v—-1 u XZ
B I (u) J ( 2y ) 2F1( 2 ’Z’U’ _—E)g(Y)dY-

y=x v

lere dQ denotes integration over the unit sphere in R’, an
gy > x > O, t > 0, (y cosh t-x) y2 51nh2t > 0}. We used t

tions of variables:

and

of (2.5)

IA

dy\) R

1—3’1)2
"Xv) and
both the

r a change
"’Xv) =
es yg =

oordinates

1
dydtdQv

{(y,t) |

nsforma-
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4xy

-1
P = [——————E (x*1)1 7,
(y-%)
and the formulas
y
2ﬂ2
Qv - v, ’
F(E)
b-1 a-c -a., _ I'(b)T(c-b) .
J s (1+s) (1+sz) “ds Sl 7S w— 2Fl(a,b,c,
0

bz
bz
(1+2)2

= (1+z)2a2F] (a,a-b +13b +422

zFl(a,b;Zb; 2° —2'"

c—a-b
2Fl(a,b;c;z) = (1-z) 2Fl(c—a,c-b;c;z),
and the duplication formula for the gamma function

1

r(2z) = ZZZ_lﬂ 2F(z)F(z-+%).

For these formulas, one is referred to ERDELYI et al. [5]. I
aave found (2.4) for v = 1,2,3,... and IRe p > v-1. The rest
tan be immediately removed because Zu is an analytic functio
the solution in the form (2.4) has been obtained for v = 1,2
zeneral case can be proved, as described earlier.

Combination of lemma 2.1 and theorem 2.2 leads to

[HEOREM 2.3. Let g ¢ C((0,11), then the unique solution of t

r 2
1 d.&,d v d.k _
G‘;‘E;) (;—f +'§'E§) f(x) = g(x), 0<x<1,
X
(2.8) 4:@ - 0, i=0,1,2,...,0+2k~1,
£ e (0,17,

Ls given by




11

1
2 2
1 - £+2k-1 1-2k
J <=*) y

2.9) £G) = v

X

2
F (L+k +2— 2 Jkid+2k; 1 -———)g(y)dy.
y
ROOF. If £ = 0, then (2.9) reduces to (2.4). If £ =2 1, then application of
dz/dxz-i-\)x_1 d/dx)k to the right hand side of (2.9) yields the right hand
ide of (2.2). 0

The integrand in (2.9) is found by combination of (2.2) and (2.4). This

rovides the following integral:

z
2_ 2 2_2 <2
e )K—I(y =X )Zk 1 (k-+ ,k 2%k 1-———Ddy
2 2y 2
“ y
_ T )Tr(2k) (ZZ—X )£+2k 1 l—2k Lk +2 2 ki l+2k; 1 - 2)
= I"(,e+2k) Z ( 2 9 22 ’

hich is a special case of:

ct+u—1 a-c

(1-y) Fl(a,b+u;C+u;y) =

2.10)

Pl(a,b;c;x)dx.

y
_ T (e+p) f _oau—l, Ja-c-u_c-l
ECHON IR .

0

'he above formula has been derived by ASKEY & FITCH [1, th. 2.3] from
ateman's integral

1
2.11) 2Fl(a,b;c+u;X) = ?%é§%%%7 J yc_l(l-y)u_le](a,b;c;xy)dy.

0
'o conclude this section, we summarize the results for the analogous initial
‘alue problems considered for x = 1. Their proofs are completely comparable
0 those for 0 < x < 1. For theorems 2.5 and 2.6 this is clear from the

.econd expression given for the solution.

EMMA 2.4. Let g e C([1,»)), then the unique solution of
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( 4, f(X) g(x), x

v

x dx

A

£y = o0

=
I

0,1,2,...,£-1,

£ e Ei,e)),

-

Ls given by
¥ 2 2
1 — —
q0a) fy(X Ly ey
1

f(x)

THEOREM 2.5. Let g € C([1,»)), then the unique solution of

)
L+ 2Dk e =g, x2 1, ved,
dx
de@ gy -0 i=0,1,...,2k-1,
2% -
(L[1,)),
Ls given by
= 2
o YoV 2k- 1 -1y
£®) = T J & &y ) (k2 ks 2k 1 = T (y)dy.

1

The right hand side of the solution can also be written as

X
2 2 2
1 X -y 2k- 1 X
) J ( 3y ) (k-+ 5 Yol s2ks1 - 2)g(y)dy,
1 y
by the use of the transformation
— — -a -_— . . 4
(2.12) 2F1(a,b,c,z) = (1-2z2) 2Fl(a,c b’c’z—l)’
see ERDELYI et al. [5]. We prefer the form of the oF | as given in the

theorem, because in that form its argument takes values in (0,1). In special
cases theorem 2.5 can also by obtained by solving the equivalent problem

. +1 . .
for the wave operator in R , analogous to our description after the

proof of theorem 2.2. In contrast to the previous case we now have to




. . . . v+l . .
ronsider distributions on IR with their support bounded t
n

-he right hand sheet of the hyperbola xé-—xf-...-—x: = 1.

Combination of lemma 2.4 and theorem 2.5 leads to

'HEOREM 2.6. Let g € C([1,»)), then the unique solution £ of

2
1 d.£,d v _
C;'Eg) (_—7 - = g(x), x 21,
dx
f(i)(l) = 0, i=0,1,2,...,0+2k-1,
£ e (L)),
‘s given by
, ) 2
: 1 £+2k 1, y.v+l £
€0 = repmy | SO
1
2
oF (L+k += K+k L+2k; 1-———Dg(y)dy
X

‘he last expression is equal to:

X 2 2 .
1 E oy )K+2k—1 1—2k
T (+2K) 7
1

k;L+2k;

(K+k+ 2 .
shich can be verified by using (2.12).

In this section we presented the solutions of a number
7alue problems with initial values given for x = 1. This vali
irbitrary and the results will be the same if we give initia

=M, 0 <M< » and if we replace f:{ by II;{I and f’l‘ by /3. Th

e shown by the substitution of x = x'/M. In section 8 we wi

[.V.P. in distributional sense and for arbitrary starting po

section we will give the solutions of the IVP for the adjoin

and Ji% —-ﬁ%
dx

X<

41
dx x




. THE FRACTIONAL INTEGRAL OPERATOR Iﬁ’k

In section 2 we found the solutions of some I.V.P.'s. We will use the
olution of the I.V.P. in theorem 2.3 to define a fractional integral opera-

or.

EFINITION 3.1. Let £ € C((0,1]). Let TRe (A+n) > 0. then
1

2 2
U A — 1 y —x \Atu—-1 1-u
3.1) L)@ = vonn J =) y
X
F (EAiEiX:l B+ .1..§E)f( )d
2 1 2 H 2’ Hs yz y Y

f u =0 then Iu’x does not depend on v. We will use the notation IO’A in
hat case. Note that IS’A f iq continuous on (0,1] and that IS’A £f(1) = 0.
lso note that for each f € C((0,1]) and x € (0,11, Is’A f(x) depends
nalytically on A, p and v for IRRe (A+u) > 0. We introduce

KS’A(X’Y) = F(ALu) (yzzxz>x+u_ly1-u2F1(2A+%;V_l’%‘A+“;l"E;)’
3.2) y

0 <x<y«<l.

hus we have for IRe (A+u) > 0O:
1

Is’kf(X) = J Kﬁ’k(x,y)f(y)dy-

X
rom the relation:
_ ab

2Fl(a,b;c;z) =1+ — z3F2(a+1,b+l,l;c+1,2;z)

t follows that:
1
2 2
Hs A _ 1 y —x (Atu-1 I-qp
17" (x) oD J =) y Tf(y)dy

X




Lo
L B@xutv-1) J @y sl

2T (A+u+1) 2
'3.3) x
F (2K+U+V+1 u+2 1:a+u+l 2'1-§E)f( )d
ERANEF A

f (Au) ¢+ 0 then the first term of the right hand side of (3.3) (being
)rdinary Riemann-Liouville integral) approaches x "f(x) for 0 < x < | an
:quals zero for x = 1. If u = 0, then the second term in (3.3) is zero.

lence, the following lemma holds.

EMMA 3.2. For u,A» ¢ R, f e C((0,11), £(1) = 0,

lim 1M = fx).
(u,2)~(0,0)
(p+r)>0
?or-% and A being nonnegative integers, Is’x g is the solution of the I.
2 X
1 d\a,d v d.2 _
(;'a—}z) (——2‘*';?&—}(') f(x) = g(x), 0<x<1,
dx
£y = o, i=0,1,2,..., +p=1.

‘n order to find the composition properties of IE’A we notice that by (I

! "2
(__1- _d_)xl (_.___dz + V2 _‘1_)_2_(_-1_ i))\z(__dz + 2 ..d_)T =
x dx 2 X dx x dx 2 X dx
dx dx
[Tt
1 72
G"l Jl)xl+x2¢££1 +.2.£L) 2
x dx 2 x dx :
dx
fhus we have for p]/2,u2/2,A1,A2 e IN:
HosAy H,5A VO VR R
2°% Moty M THe T
N IU+2A2 f(x) = Iv f(x).

lhe following lemma states that this expression also holds for those Hyo

Do
L = 1,2 for which Isl’ 1 is defined.
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LEMMA 3.3. Let v,ui,Ai €
Then

HysA HisA
I 2’72 1

(3.4) v v+2A

Note that the operators

PROOF .
qu,Kz u],k
v V+2)
1
J KU2’>‘2(X
v sy
X

1 =z
HosA
2272
[ &7
X X

The expression between b

integral formula (1.11)

C=A1+A%+UI+UZ’; 2
z -+ 1 —~§§ and w ~> Zz_yz
VA Zz —X

In order to extend

and A we first state the

LEMMA 3.4. Let £ € Cl((0

. 0,1, 1 d
(1) I77°¢ - dx)f
and

.. 1 d..0,1
(ii) G*;-g;)l f

LEMMA 3.5. Let £ ¢ C2((0

a(Ai+ui) >0

]2

1
+2y (¥s2)E(z

2

l’A

1
+2>\2(37,Z)dy]

M
s equals Kv

1
a= 2(\)+2)\1+

F2rgt2u

g

finition of

wing lemmata

£(1) = 0, th
f(x), 0
f(x), 0
£(1) = £'(1)

0 nonp

then

cf e C

Erdély
-l(u +p
271

re valtu
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2
. 2,0,d v d _
i) L — *+ 3 dx)f(x) £(x), 0 <x <1,
dx
nd
d2 v d..2,0
ii) C——E + ;‘EE)I E(x) = £(x), 0 <x <1
dx
ROOF. The two lemmata are direct corollaries of theorem 2.3. 0

EMARK 3.6. In the second part of both lemma 3.3 and 3.4 it is sufficient
o suppose that £ ¢ C((0,11]).

ow we can extend definition 3.1 to the other values of u,A € €, such that

emma 3.3 holds for all u,A € C.

EFINITION 3.7. Let f € C((0,11), £(1) = 0, then

199 (%) = £(x).

et £ e CM((0,11), £°(1) =0, i = 0,1,...,n-1, let Re (A+u) > -n, then

Uy A o= p,ntx 1 dyn

Iv f(x) : Iv G " dX) f(x).
his definition does not depend on the choice of n because of lemma 3.4 and
3.4). For Re (\+u) > -n and f as in the second part of definition 3.7 we
an also write

14
x dx

n _U,n+A

: My A -
3.5) I E() = ¢ v=2n

) f(x).

‘n order to check that this is equivalent to definition 3.7 note that f(x)

Lo’ng(x), where g(x) = (”X—l d/dx)nf(x) and so (3.5) follows from
HsA _ tHsA -0,n _ pH,A*D _
I =177 1 g(x) = 1 g(x)
1 d.n O,n _u,A+n _ .1 din _u,A+2n _
X dx) I IV g(x) = ¢ x dx I\)-2n (x) =
_ _i_il'n U, Atn
= ¢ X dx) I\)-2n £(x).




n the same way we prove
0,-1 _ 1 d
3.6) I f(X) = ( % dx)f(x)’

or £ e C'((0,11), £(1) = £'(1) = 0, and

a*

_2 2+
dx

,0 _ v d
3.7) I f(x) = ( ;-dx)f(x),

or £ e C2((0,17), £(1) = £'(1) = £"(1) = 0.

EMARK 3.8. The composition relation (3.4) holds for all v,ui,xi e C,

= 1,2, provided that the function f can be often enough differentiated

"ith suitable conditions in x = 1 (cf. definition 3.7).

Let f € Cm((O,]]) with f(l)(l) = 0, for each i ¢ IN, then

It’xf(x), 0<x<1

s defined for all pu,A € €. From the definition of IE’Af(X) it 1s clear that
‘his is an analytical function of u,X and v for IRe (A+u) > -n, where n is
in arbitrary natural number. Thus It’xf(x) is an entire function of u, A
ind v.
Note that for continuation of It’kf(x) to negative values of p and A,

‘he function f must be in some class Cn((O,l]) with appropriate initial
A

vonditions for x = 1. In section 8 we will extend the definition of IS’ .

Using lemma 3.3 and definition 3.7 we have

Iu,k I—u,-Kf _ I-u,-k Is,kf - f,

v v+2) v+2A
‘or functions f which satisfy the appropriate conditions. Thus I;EE;A is
‘he inverse operator to Is’x. In section 5 it will be shown how IS’A

ind its inverse I;Eé;A lead to pairs of integral formulas.

We conclude this section with some qualitative aspects of the integral

yperator IS’A.
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EMMA 3.9. The kernel KS’A(x,y) Zve for 0 < x <y < 1
1Y 27 v > 1 and u > 0, Aty > 1-v,
11) 77 v < 1 and u 2 v-1, Au > 0.
ROOF. The lemma is a consequen Fl(a,b;c;x) 2 0if a =20, b 2 0,
>0 and 0 £ x < 1, which foll power series expansion (1.1).
he second part of the lemma is using
2Fl(a,b;c;z) = (l-z a,c-bjc;z),
f. ERDELYI et al. [5]. ]
n order to analyse the behavio x) for x + 1 we rewrite this
, —2
unction by means fo the substi _Xf' Then (3.1) yields:
-X
X
1y A 1 Ap-1 2.0 2
. I (%) = —— ( 1- -s(1-
3.8) y Ex) CESY) ( s) (I=s(1-x7))

2
2F1(2A+% l:§zl£l%?l)f( l—s(l—Xz) )ds.
I=-s(1-x

OROLLARY 3.10. Let u, v, X sat ditions of lemma 3.9. Let

£(x) = (1-x2)%" (x)
here £ e c(,11), f*(l) # 0, n
G = (-xH™

here h € C((0,11), h(l1) # 0.

ROOF. The corollary clearly fo 3.8) and lemma 3.9. U

Until now we considered th of the I.V.P. in theorem 2.3
nly in the interval 0 < x < 1. 0,1]). Taking x + 0 in (3.1) we
ee that a sufficient condition ness of IS’Af(x) on L0,1] is

iven by




2 +u+v-1
P @l

oF A+uzl) < =,

'his results in the condition
IRe v < 1.

lere we supposed IRe p > 0, Bka(king) > 0. If uy = 0 then the fractional

ntegral does not depend on v and it converges for x ¢ 0.
. ERDELYI'S INTEGRAL FORMULA

In this section we will show that the formula (1.11) of Erdélyi is
ntimately connected with the fractional integral operator It’x introduced
n section 3. We have already seen in the proof of lemma 3.3 that the com-
osition property (3.4) results in the integral

V4

HosA HisA Mot A A
2272 1’71 e DL )
J KV (XsY)Kv+212(y,z)dy - kv (X,Z)
X
thich is equivalent to (l.11). Now compare (1.9) with the I.V.P. (2.8). For

.=, k = %, v = 2(atb-c) +1, Re (c) > IRe (A\+u) > 0, the identity (1.9) is

:\quivalent to

2.c—1
4.1) jl:gil———-zFl(a,b;c;l—xz) =
2°T(c)
2, c=A=pu-1
W, A (1-x9) Mo M2
12(a+b—c)+l 2Tl(a »b = 53e=A-u31-x7)

ZC_A_UF(c-A-u)
1 2 2 2
- 41— -
1 J == )A F ly1 UZFI(A-+Eﬂ+a+b—c,%;A+u;I-55) .

T (A+u) 2 2
, X y
_ 2 c=Aa-u-l
U=y ) JFia-4b-Lieus1-yh)ay.
257V Hr (e=a-n)
o0 (4.1) is proved by theorem 2.3, for A,% € IN. With the transformation of

rariables x2 = ]-z and y2 = l-wz, (4.1) transforms into (1.11), with wvalues
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»f the parameters:
= _ M =c = ) -
r=a+b 5 and s =c¢ A Mo

50 (4.1) with p = 2(a+b-r) and X = ¢—-2a-2b+2r-s is equivalent to (l1.11),
123
2
-hat IlRe ¢ > IRe (A+u) > 0. We did not prove (4.1) for general values of A

ind thus (4.1) holds also for noninteger complex values of + and ), such
ind p. It is possible, however, to apply Carlson's theorem for analytical
rontinuation with respect to p and A and to obtain in this way (4.1) for

Re c > IRe (A+u) > 0, and thus (1.11).

). HYPERGEOMETRIC INTEGRAL EQUATIONS

“H,~A
v+2)
integral formulas. In particular, by an application of these operators, a

The operator IS’A together with its inverse I leads to pairs of
1ew proof can be given of a theorem of WIMP [16]. Wimp proved this by means

>f Laplace transformation.

"HEOREM 5.1. (WIMP). Let n be an integer, n > Re(c) > 0, let 0 < x < 1,
et F e C™((0,11) and G € C((0,17), and let F(1) = F'(1) =...=F" D (1) =0,
Then either of the statements.

1

(i) F(x) = j (=077 JF (a,bses1 DMy,
X
0 1
(i1) 60 = TSy J (=0 F (-a,-bsnme;1 - DM () gy,

X

implies the other.
Je will obtain this theorem in the following form.

[HEOREM 5.la. Let n be an integer, n > IRe (A\+u) > 0. Let g e C((0,11) and
E e Cn((O,lj), let f(l)(l) =0, i=0,l,...,n=1. Then the following two

statements are equivalent.




1

2 2 2
. 1 y =x (A+u-1 I-p 2A+u+v-1 |
r = n —_—_—
x Y
Lo
e - | y —-x \n-A-u—-1 l+u
(ii) g(x) ACSEN) J ( ) y oo
X
2n—u+v-1 u _____
L L >< D E)ay.

’)ROOF. The first statement is f(x) = Ig’xg(x), while the second one is

T TP - u, - u,k+n1£1_n
fhe conditions on f and g are compatible with definition 3.7. O
’heorem 5.l1a implies theorem 5.1. This becomes clear from the following

substitutions:

y M (y) > 6D,

T 2" ) > P,
XZ,YZ HRIDNE

u > 2a,

2A+u+tv-1-> 2b,

A+ u-=>c,

ind by using (2.12).

Another expression for the inverse I;EE;X of IS’A is given by
—-U,=A 2m-p,n-A, 1 d d2 v d
’ 9 = 9 B
‘5.1) Iv+2k Iv+2A - —-E—) (g;— + = = ) R IRRe (p+A) < 2m+n

lhis can be easily derived from definition 3.7. The condition on £(X) is

s e ™ ana £D (1) =0, i=0,1,...,042m-1. Hence (5.1) leads to the




following generalization of theorem 5.la.

[HEOREM 5.2. Let n,m ¢ IN, n+2m > IRe (A+u) > 0. Zet g € C((O
f e C2m+n((0,1]) and let f(l)(l) =0, 1=20,1,2,...,n+2m~1.
the statements.

1

2 2
. _ 1 y =x (Atu-1 1-u 2 A+p+v-1 1,
X
1
1 y2—x2 n+2m-A-p—1 1-2m+y
(ii) g(x) = T o+ Zmh—10) J ( 5 ) y .

X

F (2n+2mru+v—l 2m-y +om=h— 51__§E)

21 2 » T SOTATATHS 2/

y
I dun,d> v dum,,
-—— ) (—s + =—) f dy,
¢ i (dy2 y dy) (y)dy

implies the other.
dfodifying this theorem in about the same way as we did theor

[HEOREM 5.2a. Let n, m, f and g be as in theorem 5.2. Let n+
Then either of the statements

1

(i) ) = 7y J <y—x>c“y'azFl<a,b;c;1--’y‘—>c<y>dy,

X

1
(--1)n __\Dt2m—c-1_-mta
I'(n+2m-c) (y=x) Y :
X

(i1) G(x)

X
2F1(m-a,n+m+b—c;n+2m—c;l—;Q.

2
d.\n d d_ni
(.CT}_;) (y :1? + (a+b—c+l)dy) (y)dy,

implies the other.




lere the following substitutions were used

g(y) -~ G(y2>,

2%£(x) > F(x2),

2 2
X L,y 7 XY,

u > 2a,
2 +u+v-1 > 2b,

Aty > c.
. FURTHER PROPERTIES OF Is’A‘CONNECTION WITH ERDELYI—KOBER OPERATORS

Using the composition property

3.4 e A T L S M R R
L v V+22, v

e will split up Is’A into more elementary parts. First we consider the
ases for which Is’A can be simplified. A number of these cases is conne«
ith formulas (1.2) and (1.3). An appropriate choice of the parameters
ields expressions of IS’A in terms of the Riemann-Liouville integral IO

nd the Erdélyi-Kober integral. The latter is defined by

f(u)du.

2n =

; 2% 2__2.0-1 —2a-2n+l

6.1) kn,af(x) ) J (u™-x7) u
X

ee SNEDDON [13]. If we assume f(x) to be zero for x > 1, we have

6.2) K 0‘J‘:'(x) = quZn IO,a X—Za—Zn’

]

hich is clear from (3.1). Considering (3.3), we find for f ¢ C((0,11),
(1) =0, e R,

u,—u _ .H
6.3) IU+1 f(x) = x "f(x).




lombination of (6.3), (3.4) and (6.2) yields the following special

2A+u
- + -—
6.4) I‘l‘jk_n= 10> A et - TN Vo U S ——K ,
H H 2" e At
B B H
'6.5) ;b 2 _ qV7lv+d IO’Z u=vHl, —ptv=1 _ X—v+1 IO’Z L HHY
e v v u=v+2
K
_ o, 2
=
2’2
‘ TP _ THsTH 0,A+u _ - M 09)\+U
6.6) Iu+l = IU+1 I = X I .

\nother special case of Is’A is suggested by the fact that the ope

2 -

d——-+ 4 equals —= if v = 0. Thus A = v = 0 must result in an o
1X2 x dx dx2 0

iemann-Liouville integral for IS’ . Indeed apply

, 1 1 1. 1-2a

6.7) 2F1(a_§,aszaaz) = {7"'2(1 z)}

n Ks’x(x,y) (cf. ERDELYI et al. [5]). We distinguish two differen
i) a = %3 A=0, v=20. Then
1

6.8) 2% () - —F—(‘Ef (y-0 ¥ e (y)dy,

X

shich is in accordance with the expected Riemann-Liouville integra

di) a =-E%l, A =1, v=20. Then
i

. u, !l - 1 _o\H

6.9) I f(x) = T J (y—x) "yi(y)dy.
X

fhis outcome could be expected from (6.8) because substitution of
En%-é%)g(x) in (6.9) and partial integration leads to (6.8) again.

Originally we defined the operator Is’A by stating

Hor = M0 IO,X,
V AV

25




6

(see the discussion after the proof of theorem 2.3). Now we can ask the
[uestion: is it possible to insert a certain power of x between IE’O and
ZO’A without affecting the description of the kernel as a product of a hyper-
jeometric function and powers of elementary functions of x and y? From (6.3)

ind (3.4) we derive the case

6.10) e L (A

'rom the calculation after the proof of theorem 2.3 and from formula (2.10)
ised there we only find that XO or xl_v can be inserted in that place. The
pecial role of xl_v is clarified by the following observation:

Let p = 2k, A = £, then

6.11) f(x) = Iik’o xl_v IO’Kg(X)
s the solution of the I.V.P.
(__1_ _d_)f- V'l(_d_z_ " _‘ii)kf( ) = g(x) 0 <x <1
x dx’ * dx2 x dx % & ? =1
6.12)
£y <o, i=0,1,2,...,0+2k-1.
ote
2
¢ ,vd_ ~vd v
2 x dx dx dx
dx

ence the operator in (6.12) can be written in the form

6.13) (—1)£x'1[c§§ x'l)chl—
dx

nd the operator in brackets is adjoint to
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2
(_.é_z +
dx

d.k, 1 d.4£
‘a;) G“;'EE) .

X<

'hus a natural completement to the initial value problems of section 2 is
iven by the corresponding problems concerning the adjoint operators. By
he use of the equality of (6.13) and the differential operator in (6.12)

t is not difficult to give an expression for the solution of I.V.P.'s with
he adjoint operators in terms of solutions of the corresponding I.V.P.'s.
n section 8 we will derive these solutions in an explicit way by using the
lethod of fractional integration by parts. There the property is exploited

hat these operators are adjoint to the operators in section 2.

Let us write Ii’x in terms of combinations of x " = Iﬁi;u, IO’A and
8,0. The following results can be checked from (3.4):
, O’H—;+1 ) 0’}\_*_\)ﬂzi—l
6.14) 13’ =1 x "I ,
v v
0,~= 0,=+ A

6.15) per o0 2 072

v 0
‘ormula (6.14) results in

R

I M e(x) =1 x I £(x).

v+2)\

lsing this in the second statement of theorem 5.la with A, u and v expressed
n terms of a, b and ¢ according to theorem 5.1, we find

0,—b(X2)a IO,b-c

g(x) =1 f(x).
'his last expression corresponds to the solution given by Love, of the first
:quation in theorem 5.1 (cf. SRIVASTAVA & BUSCHMAN [14, p. 1301).

An important special case of (6.15) is obtained by taking A =0 and u= 2k,
. € IN. Then (6.15) gives the solution of theorem 2.2 in terms of the solu-

‘ion of

d2k

dX2k

6.16) £5(x) = g (%), 0<xc<1,




IO,\)/2 0,\)/2g

here f*(x) = f(x) and g*(x) =1 (x). The solution of (6.16)
he appropriate initial conditions is (cf. (6.8)):

1

* 1 2k-1 *
£®) = v J (y=x) " g (v)dy.
X
. . 0,v/2 2 v
'he fact that the fractional integral operator I’ transforms E—i + p
X

nto Jlf can be found in various places. We mention the papers by
. dx“ .
RDELYI [2] and LIONS [8]. Both authors considered initial value problems

tarting at x = 0. Lions considered the partial differential equation

. DISTRIBUTIONS

This section contains a short introduction to the classes of test f1
ions and distributions which are needed in section 8. As references we 1
ion DE JAGER [6] and SCHWARTZ [12]. '

Let Q2 be an open interval in IR. We will distinguish the following

opological vector spaces of test functions on Q.

EFINITION 7.1. .
i) The space E(Q) is defined to be Cw(ﬂ) endowed with the topology of

Fréchet space such that
lim £ =0 iff
neo

7.1) lim{sup Ifii)(x)]} =0

n> xekK

for any compact subset K ¢ @ and any i ¢ IN.

ii) Let K be some closed subset of Q, then
q{(ﬂ) = {f € E(Q)[ supp(f) < K}

is a closed subspace of E(Q). Hence, with the inherited topology,

DK(Q) is a Fréchet space. In particular, if K is compact, the
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convergence on DK(Q) is given by (7.1) with K fixed.
(111) 2(R) = C:(Q) = {f ¢ E(Q) |supp(f) c K for some compact K < Q}.

Considered as a topological vector space, D(R) is the inductive limit
of the spaces Dg(Q) with K © Q and K compact. Thus the convergence in

D(Q) is given by
lim £ =0 iff
n
n—>«

there exists a compact subset K of Q@ such that supp(fn) cK, n=20,1,
2,..., and such that (7.1) holds for all i ¢ IN.

(iv) D+((O,W)) = {f ¢ E((O,W))|Supp(f) c [m,») for some m € (0,x)}.

If considered as a topological vector space, D+((O,m)) is the induc-

tive limit of the spaces D[c oo)((O,oo)), c > 0. In D+((O,w))
3
lim fn =0 iff supp(fn) c [m,»)
n—->o

for some fixed m € (0,») and (7.1) holds for any compact subset
K ¢ [m,») and any i € IN.

(v) Similarly we have
D_((0,»)) = {f e E((0,«)) [supp(f)c(O,M] for some M ¢ (0,x)}.
as the inductive limit of spaces D(O C](0,00). Hence,

lim fn =0 iff supp(fn) c (0,M]

n->o
for some fixed M € (0,») and (7.1) holds for any compact subset

K ¢ (0,M] and any i e IN.

All these spaces can be found in SCHWARTZ [12, Ch. III§7, 18§82, ITI§1 and
VI §5]. For "inductive limit" see TREVES [15, Ch. 13]. A linear functional
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on a Fréchet space or on an inductiv
if and only if it is sequentially co
spaces this follows from the corolla
lar, this applies to the functionals
duals of £ and D (i.e. the spaces of
D) will be denoted by E' and D', res

tion we will take Q@ = (0,«).

DEFINITION 7.2.

(i) D' (@) ={¢ e D'(Q) |s

(i1) D' ()

+

{p e D'(Q) |s

We will state four theorems concerni
Theorem 7.5 will be proved. The pro
similar to that of theorem 7.5. For

(12, Ch. IITI §6].

THEOREM 7.3. For any distribution ¢
2x18t some continuous function Y, an

functions £ € D with supp(f) < K, th

i .
0,0 = &L, 6 = -n
dx
THEOREM 7.4.
E'(Q) = {¢ € D'(Q) | supp

THEOREM 7.5. The dual of D_(Q) s eq
THEOREM 7.6. The dual of D _(Q) 7s eq

PROOF OF THEOREM 7.5. Let us denote
peD' 4 (2). Then supp(y) < [m,») for

t of Fréchet spaces is continuous
us (for inductive limits of Fréchet
p. 128 in TREVES [15]. In particu-
e spaces in definition 7.1. The
nuous linear functionals on E and

ely. In the remainder of this sec-

c (0,M] for some M e (0,«)},
c [m,») for some m € (0,x)}.

tributions in D', E', D'_ and D'+.
the theorems 7.4 and 7.6 are

oof of theorem 7.3 see SCHWARTZ

d any compact set K < Q there
e IN, such that for all test
owing relation holds:

i,
)g—%(x)dx.
dx

compact in Q}.

D', ().
D' (@),

al of D_(Q) by F'. First assume
e (0,»). Let p € Cw(Q) such that
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1
O, X € (O,_3' m],
p(x) =
L, xeclEme),

hen for each function g € D(R), we have

W,g) = (pv,8) = (Y,pg).

et £ € D_(Q), then obviously pf € D(R), and we consider the linear func-

ional ¢ on D_(Q) given by
(¢p,£) := (Y,p£).

et (fn) be a sequence in U_(Q), which converges to zero, and let g, = pfn,
‘hen supp(fn) c (0,p] ¢ (0,») and thus supp(gn) = supp(pfn) c [% m,pJ.

lence g, 0 in D(R), and

lim (¢,fn) = lim (w,pfn) = lim (w,gn) = 0.
n->« n->o n->co
lence each wezD'+(Q) extends to a continuous functional on D_(R). Since D(Q)
s dense in D_(Q) this extension is unique.
Conversely, let ¢ ¢ F'. Then ¢ e D'(Q), because g ¢ D(2) implies
;e V_(Q) and g, ~ 0 in D(Q) implies g, 0 in D_(Q). Now the support of ¢

lay not contain zero, since otherwise we could find a sequence (fn) in D_(Q)

iuch that
fn(x) =0 if x >
(¢,fn) = 1.

Jlearly fn + 0 in D_(Q), which implies (¢,fn) + 0, (9 € F'); a contradiction.

lence, F' < D' _(Q). 0




. ACTION OF Iz’x WITH RESPECT TO DISTRIBUTIONS

et @ = (0,»). We introduce the notation CE(Q), k=0,1,2,..., for the

" functions f which are k-times continuously differentiable on Q and

iich there exists an M € (0,») such that f(x) = 0 if x > M. Thus the

‘'t of a function in CE is bounded from above. We will write C_(Q) for
Note that f ¢ CE(Q) implies f(i)(M) =0, 1=20,...,k for M sufficientl:
From the discussion at the end of section 2 and the properties of the

.on spaces CE(Q) the following lemma can be readily derived.

a

8.1. Let g € C_(Q) then the unique solution £ in C +2k(Q) of the

2
1 d.£,d v d. .k, _
@ Catxw Eo 8
dx
en by
T2 2
~ 1 vy -x° £+2k-1_1-2k
£ = v J( 7 oo
X
v=1 X2
.2F1(17,+k+—§—,k;ﬂ+2k;l—;—2-)g(y)dY-

emma, which contains theorem 2.3, leads to the following generaliza-
f the definitions of It’x in section 3. We will use the same symbol
‘or the fractional integral operator which we define here, assuming it

clear from the context which definition is meant.

TION 8.2.
Let IRe (A+u) > 0 and let f € C_(Q), then

(o]

2 2
HyA — 1 y -x (Atu—1 1-yp
Iv f(x) : IO J ( 5 ) y .
X
F QZAiEiE:l.E.A+ .1_“§E)f( )d
° 2 1 2 32’ ]J’ 2 y Y'

y
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i1) Let f € C_(Q), then
19 % x) := £(x),
and
iii) Itlguf(x) = x "f(x)

(cf. (6.3)).
‘iv) Let f € CE(Q), and let IRe (A+u) > -n, then

HsA = pHomtA 1 dyn
Iv f(x) : IV ¢ - dX) f(x).

\gain
Hs A 1 yz—x2 Atu=1 1-u 2 +u+v-1 u x2
’ 9 o= n . . ——
\8-4) K\) (X’y) . F(}\+U)( 2 ) Y 2F1( 2 :29>\+U’1 2)’
0 < x <y,
low the composition property (3.4) holds for all ui,ki,v e C, 1=1,2,

yrovided that the operators act on functions in the appropriate classes.

JEMMA 8.3. Let ui,Ai,v e C, i=1,2, then

Hoshy Mpshyp IU1+“2’A]+A2

v V+2), Ty

8.5)

Jntil now we applied the operators Iﬁ’k on functions in the classes C?(Q).
fhese operators can be defined for a broader class of functions, namely the
listributions in D'(Q). For this purpose we introduce the adjoint operator
Is’x of IB’A. First suppose IRe (A+u) > 0 and £ € C_(Q), ¢ € C+(Q) (the space
3+(Q) (Cn+(9)) consists of functions ¢ in C(Q) (Cn(Q)) with supp(¢) € [m,=)

or some m > 0). Then we have




oO+———-38

2Gopeman = [ 1] K ey eayle(ax =
0 x

oO—-38

y (o]
[ A wneeoaacmay = [ £t e,
0 0

X
A A
3 e ) = J KD (y,%)¢ (7)dy.
0
rerator JS’A can be considered also as a fractional integral operator,

for p = 2k and A = £, k,£ € IN, we have the following lemma

8.4. Let v e Cand ¢ ¢ C+(Q). Then the unique solution Y € C£+2k(ﬂ)
» T.V.P.
d2 d vk,d 1.2
— —'EE‘E) (EE'E) p(x) = ¢(x),
dx
en by
_ 2k,k
v=3"".

Let f and g be as in lemma 8.1. Then

IZk,ﬂ
v

]

g(x) ¢ (x)dx

o+——-38

g(x)Jik’£¢(x)dx = J
0

2
£l (L - Lok Dby ) jax -
dx

oY———-38

2
1 d£,d v d
@R C 2z

)k
X dx de

fx)Wx)dx = | g(x)p(x)dx.

oO—— 8
o———-38

the function g is in C_(Q), but otherwise arbitrary, this results in

!k,£¢. 0

)




Uy A

For TRe (A+p) > 0 and ¢ € C+(Q), Jv is defined

>f A and y we define JS’A analogous to Is’xz

DEFINITION 8.5.
(1) Let ¢ € C+(Q), then

1%% ) = o0,
and

(ii) 3G = e,

(iii) Let ¢ € Cf(ﬂ), and let Re (A+p) > -n, then

Wy A = pHentr d 1in
Jv $(x) J\)—2n dx x) $(x).

REMARK 8.6. The last expression is obtained by a

Is,nﬂ(_i dyn _ 1 dyn ju,nea

x dx x dx v=2n
cf. (3.5).

Lemma 8.3 leads to the following composition pro

HisAo  HosA W ot A +A
(8.9) PR A WLy AN NS AR M

v+2A2 v Vv

THEOREM 8.7. The operator Ig’k (Jg’k) is a conti
D_ (@) (D .(Q)) onto itself.

PROOF. We will give the proof for It’x. Let IRe (

Then supp(f) < (0,M] for some M € (0,») and

d m

1 _<WoA+n 1 d . m+n
(8.10) Sl e =1

v+2m Q_x dx £

Uy A
Iv f(x)

is continuous and has its support in (0,M], for

From the definitions of D_(Q) and IS’A and from

35

r other values

A
e operators Js’ :

g from

d £ € D_(Q).

Thus Is’AfE D ()

. clear that
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[S’A: D (@) - D_(Q), is sequentially continuous, and thus co

section 7). The mapping Is’x has an inverse (viz. I;Eé;x) an

surjective. 0

JEFINITION 8.8. Let feD' (Q) and ¢ ¢ D+(Q), then

A

(¥ he,0) 1= (5,080 70).

JEFINITION 8.9. Let f ¢ D_(?) and ¢ e D', (Q), then

A

M —— U, A
(Jv ¢,£) : (¢,IV ).

[n view of theorem 8.7 both definitions make sense. From def
ind 8.9 and lemmata 8.1 and 8.4 (and its proof) it is clear

10lds for f and ge D'_(Q) and that lemma 8.6 holds for ¢ and
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At the end of page 11 there should be added:

In 1 the following asymptotic expression for the normal contact stress

Ps(x), in case of a smooth stamp was derived

B
P (x) = — 5 + Pz[ 12—}3] /]—x2]+0(—]4-) ,
s 1-x~ 2b° /1-x b
- 1<x<1, (b~) .,

We have
2(1- 2 3
—(/—ﬁ= L+ 20-0)2 + 000D, (b,
K .
In fact, for v = 0 we find Z-(-j/;‘i = 1.1547.
K

Moreover, the parts of the contact region where the oscillating term in
(3.19)], cos (B log (%;2)) differs significantly from 1, lie in very small
neighbourhoods of *1 (cf. [5,p.4671). In fact, for v = 0, x = 0.9 we find
cos (B log (%;E)) = 0.9670.

Thus outside these small neighbourhoods and for small } - v, the difference
between the normal contact stresses in the cases of a smooth stamp and a

rigid one, respectively, is small.
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